The effect of surface bond-order loss on the electronic thermal conductivity of metallic polycrystalline films is examined using Boltzmann transport theory. A modification of the grain boundary potential barrier has been made by adding depressed potential wells of intra-atomic trapping ͓C. Q. Sun, Phys. Rev. B 69, 045105 ͑2004͔͒ to both sides of the grain boundaries. Electron scattering by film surfaces is also considered to follow the line of Fuchs' convention. Results show that the thermal conductivity of the films is sensitive to the film thickness, mean grain size, and Fermi energy. In particular, thermal conductivity increases significantly with the depth of the atomic trapping due to the bond-order loss induced surface bond contraction and associated bond strength gain.
I. INTRODUCTION
Studies on the thermal conductivity of polycrystalline thin films have attracted tremendous interest over past decades. Two classical models on electrical resistivity of thin films with electron scattering by film surfaces have been proposed by Fuchs and Sondheimer 1 and by Soffer. 2 Based on these two models of size effect, the thermal conductivity in thin films can be calculated within the framework of Boltzmann transport theory. Another important model by Mayadas and Shatzkes 3, 4 takes into account the electron scattering by both film surfaces and grain boundaries. The scattering potential due to a grain boundary considered by them is in the form of a Dirac delta function. These classical models have been applied to study the thermal properties of thin films. For example, Jain and Verma 5, 6 used the model by Fuchs and Sondheimer and assumed that the relaxation time varies as some power of the energy of the carriers for the calculation of the electrical conductivity and thermoelectric power of thin films. Mallik and Das 7 compared the theoretical results by Jain and Verma with the experimental data to determine the scattering index parameter for Bi 88 Sb 12 alloy thin films.
Intense research interest was focused on which classical model might be most adequate to explain the experimental data of electrical resistivity of thin films. 8, 9 Kästle et al. 10 measured the temperature dependence of resistivity of thin epitaxial Au films with thickness between 2 and 70 nm. They fitted the experimental data to the aforementioned three classical models and then found that the model by Fuchs and Sondheimer is most appropriate to describe the effect of thickness on the temperature dependence of thermal conductivity of their high-quality Au films. In comparison, fitting the Mayadas-Shatzkes ͑MS͒ model leads to deviations between experiment and theory. Recently, we 11 have modified the classical MS model for metallic polycrystalline films by modeling the scattering potential due to a grain boundary with a square potential barrier with finite width and finite height, and by including the effect of surface bond-order loss on electron scattering by grain boundaries. The bond-order loss of atoms at the surface causes the remaining bonds to contract spontaneously, associated with bond strength gain, or intra-atomic potential well suppression in the surface skin. This bond-order-lengthstrength ͑BOLS͒ correlation results in the densification of charge, energy, and mass in the surface skin. 12 Adding the depressed potential well of scattering on both sides of the grain boundary, and taking into account the electron scattering by film surfaces ͑based on Fuchs' approach͒, we 11 have obtained an analytical expression for the classical resistivity in polycrystalline films. The purpose of this work is to examine the effect of BOLS on the electronic thermal conductivity in metallic polycrystalline films based on the Boltzmann transport theory.
II. THEORY
The effect of BOLS correlation on the scattering of electrons by grain boundaries is considered by introducing the proposed model for grain-boundary scattering, V͑x͒, as illustrated in Fig. 1 , where the position of the grain boundaries is denoted by x i . The potential barriers in the proposed scattering potential are used to model the tunneling coupling between two neighboring grains, and the square-well depres- sions on both sides of each potential barrier are used to model the sunken part of the intra-atomic trapping potential in each grain due to the BOLS correlation. 8 The potential barrier together with square-well depressions on both sides can be described by the function
where 2L and V 0 are the width and height of the potential barriers, and L and V the width and depth of the square-well depressions, respectively ͑see Fig. 1͒ . Following Mayadas and Shatzkes' approach, 3, 4 we also assume that the grainboundary positions x i follow the Gaussian distribution
where L x is the length of the thin film, s the standard deviation, and N the total number of grains in the film. The overall scattering potential V͑x͒ can be expressed as the sum of the potential barriers Ṽ ͑x − x n ͒ located at all x n 's
To calculate the transition probability P͑k , kЈ͒ for an electron in state k to be scattered to state kЈ due to grain boundaries, we need to determine the matrix element ͗k͉V͑x͉͒kЈ͘. The unperturbed states k are given by
where ⍀ = L x L y L z is the volume of the film. It is straightforward to calculate the matrix element by expanding Ṽ ͑x͒ in plane waves
where f͑k͒ is the Fourier transform of Ṽ ͑x͒. Therefore,
In the above expression, k x and k t = ͑k x , k y ͒ are the components of k in the longitudinal ͑along the film͒ and transverse direction, respectively; k x Ј and k t Ј are similarly defined. The
Fourier transform f͑k͒ can be easily calculated:
The transition probability P͑k , kЈ͒ is given by the Fermi golden rule and is proportional to ͉͗k͉V͑x͉͒kЈ͉͘ 2 . After averaging Eq. ͑5b͒ over the Gaussian distribution g͑x 1 , x 2 , ... ,x N ͒, we obtain in the limit of continuous k,
where
where d is the mean size of a grain. Equation ͑8͒ indicates that the term F͑k x ͒ depends on f 2 ͑2k x ͒. This differs from the MS model, where the F͑k x ͒ can be obtained by replacing f 2 ͑2k x ͒ with S 2 in Eq. ͑8͒, where S is the strength of the Dirac delta scattering potentials ͑due to grain boundaries͒.
We now proceed to derive a formula for the thermal conductivity within the framework of Boltzmann transport theory. Assuming that the scattering by point defects and phonons can be described by a relaxation time , the Boltzmann equation is given by 3, 13 
where ⌽͑k͒ = f͑k͒ − f 0 ͑k͒ is the deviation of the distribution function f͑k͒ from its equilibrium value f 0 ͑k͒, e and are the electron charge and electron energy, respectively, v x and v z the components of the electron velocity in the x direction ͑the longitudinal direction along the film surfaces͒ and z direction ͑the direction perpendicular to the film surfaces͒, E the electric field in the x direction, and dT / dx the gradient of the temperature T in the x direction which causes a gradient of the chemical potential d / dx. In Eq. ͑9͒, the first term is due to the size effect ͑that is, due to the electron scattering by the film surfaces͒, which causes a gradient of the distribution function in the z direction, and the fifth term describes the scattering of electrons by grain boundaries. Substituting Eq. ͑7͒ into Eq. ͑9͒, we obtain the effective relaxation time * , which takes into account the scattering of electrons by point defects and phonons, as well as by grain boundaries
It was found by experiment that k F 2 s 2 ӷ 1, 3, 4 where k F is the wave vector corresponding to Fermi energy. F͑k x ͒, can then be approximated as
The electrical and thermal conductivities of polycrystalline films can be obtained by incorporating the size effect ͑due to the electron scattering by the film surfaces͒ into Boltzmann transport theory based on Eqs. ͑10͒-͑12͒. We will follow Fuchs' approach to determine the size effect on the distribution function f͑k͒. Fuchs assumed that a fraction p of the electrons is scattered elastically at the film surfaces ͑z = 0 and z = a͒ with reversal of the velocity component v z , while the rest are scattered diffusely with complete loss of their drift velocity. Let ⌽ ± ͑v z , z͒ be the deviation of the distribution function for v z Ͼ 0 and v z Ͻ 0, respectively. The assumption by Fuchs can be expressed as
Subject to the boundary condition ͑13͒, the solution ⌽ ± of Boltzmann equation ͑10͒ is given by
Using the expressions for ⌽ ± ͓Eq. ͑14͔͒, the electrical and thermal conductivities ͑denoted f and , respectively͒ of a polycrystalline film are computed by integrating the electrical and thermal current density over the thickness of the film ͑0 ഛ z ഛ a͒ and then dividing the integrals by a. With the expressions for the electrical and thermal current densities
we obtain
where 0 is the intrinsic electrical conductivity within a grain, and L ij are the coefficients of E + ͑1/e͒d / dx and −dT / dx in the linear expansions of J q and J can be represented by
where f 
where K 0 = a / l 0 is the ratio of the film thickness a to the mean free path within a grain l 0 = v F ͑v F is the Fermi velocity͒ and
with E = E F / V 0 ͑the Fermi energy E F expressed in units of V 0 ͒. Substituting Eq. ͑19͒ into Eq. ͑18͒, we find the film thermal conductivity
͑23͒
Due to the very small term k B T in Eq. ͑23͒ at low temperatures at which the contribution from lattice vibration is negligible, we can ignore the second term inside the brackets and arrive at the Wiedemann-Franz law for metallic polycrystalline films
From Eqs. ͑17͒-͑23͒ one can see that the electrical and thermal conductivities of a film calculated from the modified MS model are formally the same as the ones of the MS model, except that the function H͑t , ͒ in the modified MS model is given by Eq. ͑22͒, while for the MS model
Here, ␣ =2l 0 R / d͑1−R͒, with R the reflection coefficient for a Dirac delta potential of strength S.
The quantity ␣ given above tells us that in the MS model the Fermi energy E ͑=E F / V 0 ͒, , and the averaged grain size d can be combined into a single parameter ␣. On the other hand, we see from Eqs. ͑17͒-͑23͒ that in the modified MS model the film electrical and thermal conductivities are determined by H͑t , ͒, which depends on the parameters V / V 0 ͑the depth of the square-well depressions accounting for the BOLS correlation effect͒, L ͑the width of the square-well depressions͒, E, and l 0 / d in a complicated way. The effect of BOLS on the electrical and thermal properties in a polycrystalline film is totally reflected in the function H͑t , ͒ given by Eq. ͑22͒.
III. RESULTS AND DISCUSSION
As demonstrated above, the Wiedemann-Franz law ͓Eq. ͑24͔͒ is valid in the modified MS model for metallic polycrystalline films. A comparison of between the cases of zero and nonzero V is presented in the following. For convenience of numerical calculations will be in units of the thermal conductivity within a grain g ͑= 2 k B 2 T 0 /3e 2 , where 0 is the intrinsic electrical conductivity within a grain͒. Combining Eqs. ͑17͒ and ͑24͒ yields
To be specific, we will plot / g against K 0 ͑=a / l 0 ͒ for different values of a / d, V / V 0 , L ͑the width of the square-well depressions͒, p, and E. In the plots, L is set to be equal to the thickness of 2 nm. The / g ͓= f / 0 by Eq. ͑25͔͒ and ␦ /
, and p. The quantity ␦ / represents the fractional change of caused by the presence of V relative to the case of V =0 ͑without the depressed potential being involved͒. Figure 2͑a͒ shows that / g decreases with decreasing K 0 ͑for fixed a / d͒ and that / g decreases with a / d ͑for fixed K 0 ͒. The smaller the film thickness a ͑compared to l 0 ͒ the more the electron scattering by the film surfaces contributes to the film resistivity f ͑=1 / f ͒; hence, / g ͑= f / 0 ͒ should decrease as K 0 ͑=a / l 0 ͒ decreases. Also, when a is fixed and d decreases, the scattering of elec- trons by grain boundaries will be more frequent, causing f to decrease. Hence, it is expected that / g decreases with a / d for fixed K 0 . Figure 2͑b͒ shows that the fractional change ␦ / for V / V 0 = −0.136 ͑relative to the case V =0͒ is significant and can be up to 6%. This demonstrates the significant effect of the square-well depressions on the film thermal conductivity. Figure 3 compares the E dependence of plot of / g with a larger p = 0.5 value. Compared with Fig. 2 , we can see that the thermal conductivity increases with both the p ͑the fraction of electrons scattered specularly by film surfaces͒ and the E values. With a / d = 0.1, the percentage change of ͑due to larger p͒ at K 0 = 0.1 and 1 are larger than 10%. When p is larger, there are more electrons undergoing specular scattering by film surfaces leading to larger conductivity. Hence, the result shown in Fig. 3 is within expectation. ␦ / up to 4%-8%. These three figures show that ␦ / tends to a limit as K 0 decreases to very small values, and that ␦ / tends to zero as K 0 increases to sufficiently large values. Also, there is a peak of the magnitude of ␦ / plotted against K 0 . Furthermore, as E increases from small values, the peak value of ␦ / continues to increase, but when E increases to sufficiently large values the peak value of ␦ / will start to drop. Thus, the peak value of ␦ / varies with E in an oscillatory way. The condition that K 0 is sufficiently large and a / d is fixed means both a ͑the film thickness͒ and d ͑the averaged grain size͒ are sufficiently large. Under this condition, the contribution of the electron scattering by film surfaces and by grain boundaries to the electrical resistivity is small, and accordingly f / 0 approaches 1. Hence, we expect that ␦ / tends to zero as K 0 increases to large values and a / d is fixed.
Next, for very small K 0 the first term ͑the number "1"͒ on the right-hand side of the expression for H͑t , ͒ ͓Eq. ͑22͔͒ can be ignored as the second term is comparatively much larger. Then, from Eqs. ͑17͒, ͑20͒, and ͑21͒ we see that f and hence ␦ f / f approaches a limit when K 0 is very small, and the limit depends on the values of a / d, p, E, and V / V 0 . This point is consistent with the numerical results mentioned above. Furthermore, as we have mentioned there is a maximum peak for ␦ / plotted against K 0 for various a / d, E, and V / V 0 . This is a significant result as it tells us that for arbitrary values of a / d, E, and V / V 0 , there is a unique value of K 0 ͑or the film thickness a͒ which ͑together with the given value of V / V 0 ͒ causes a maximum possible fractional change of the film thermal conductivity due to the BOLS correlation effect. From Eqs. ͑6͒ and ͑12͒, the scattering probability due to a grain boundary depends on the wave number ͑or ͱ E͒ of an electron sinusoidally resulting in the sine terms in the Figure 6 shows that when ͉V ͉ increases, the entire curve of ␦ / is shifted downward, leading to larger magnitude for the maximum peak of ␦ / . This behavior is consistent with Eq. ͑22͒ for H͑t , ͒, which shows that the effect of BOLS ͑V ͒ on the thermal conductivity increases with ͉V ͉.
IV. CONCLUSION
We have studied the electronic thermal conductivity of metallic polycrystalline thin films based on the modified MS model in which the scattering potential due to a grain boundary is taken into account. The effect of surface bond-order loss for the grains in a thin film is modeled by the squarewell depressions on both sides of the barrier. A comparison among the results of the thermal conductivity with and without the square-well depressions suggests that the bond-order loss at surface for the grains significantly affects the film thermal conductivity, and the thermal conductivity increases with the depth of the square well. It is also found that a maximum peak exists in the curve of the relative change in thermal conductivity ␦ / against K 0 due to the presence of the square-well depressions. The peak value varies with the Fermi energy in an oscillatory way.
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